Differentiability of the distance to a set in Hilbert space  by Langenhop, C.E
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 44, 620-624 (1973) 
Differentiability of the Distance to a Set in Hilbert Space 
C. E. LANGENHOP 
Southern Illinois University, Carbondale, Illinois 62901 
Submitted by Jacob Korevaar 
Let X be a Hilbert space with inner product (x, y) for x, y E X. For fixed y 
the distance from x to y is p&x) = 11 x - y 11 = (x - y, x - y)lls and for a 
nonempty set KC X the distance from x to K is P&) = inf(p,(x) 1 y E K}. 
It is known [2] (and it follows from Theorem 1 below by taking K = {y}) 
that pV is FrCchet differentiable at all x # y. We consider here some circum- 
stances under which pK is FrCchet differentiable. Since 
I PKM - PKW G II x - R II 
the function pK is always continuous. 
If K is compact or if K is closed and convex, then for all x there exists a 
nearest point K(x) E K to x; that is, one such that Pi = px(x). In the 
second case K(x) is unique [l, Corollary 1, p. 681. For our purpose some form 
of continuity of k(x) is required and the results in the two cases mentioned 
are given in Lemmas 1 and 2, respectively. 
LEMMA 1. Suppose the nonempty set K C X is compact and for some x,, E X, 
the nearest point K(x,,) of K to x,, is unique. Then limz+rO a(x) = 0 where 
a(x) = sup{Ij k(x) - k(x,,)ll 1 k(x) is a nearest point of K to x}. 
Proof. If 13(x) + 0 as x + x0 , then for some E > 0 and some sequence 
{x,} with limit x,, , there exists a sequence (k(x,)) in K such that 
I/% - &z)II = PK(X~> and II WJ - f&Jll 3 6. 
Since K is compact there is a convergent subsequence {k(x,(i))} with limit 
K E K. It follows that I] 15 - k(xO)ll 3 c so K” # k(x,,). Hence 11 x,, - R II > p&x0) 
since k(xo) is the unique nearest point of K to x0 . But 
~&,z~i~) = II “n(i) - k(x,ci,)ll - II xo - ffll 
as i-+ 00 and this contradicts the continuity of pK at x0 . 
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LEMMA 2. Suppose the nonempty set KC X is closed and convex. Then for 
all x, x,, E X, the nearest points of K to x and x0 sati!fy 
II 44 - k(xo)ll G II x - x0 II * 
Proof. Since K is convex the minimum of the function 
f(t) = II x - (1 - t> 44 - WXOW 
on 0 < t < 1 occurs at t = 0 sof’(0) 3 0. But 
f(t) = II x - WI2 + 2t Re(x - k(x), 4~) - k(x,)) i- t2 II 44 - k(Xo)l12 
where Re denotes “real part.” Hence 
Re(x - k(x), k(x) - k(x,,)) 3 0. (1) 
The same is true with x and x0 interchanged and this may be written 
Re(k(x,) - x0 , k(x) - +a)) >, 0. (2) 
The result to be shown is clearly true if k(x) = k(x,) so we assume 
II k(x) - k(xo)ll .> 0. 
Writing 
x - x0 = x - k(x) + k(x) - k(x,) + k(x,) - x0 (3) 
and using (i), (2), and (3), we have by the Schwarz inequality 
II x - x0 /I 3 Re(x - x0, 44 - ~(~oN/ll&) - %Jli 3 II 44 - 44ll . 
Remark. We give here an example which shows that closedness of K is 
not enough to assure continuity of k(x) even on the set of x for which this is 
unique. Let X = I2 and for j = 1, 2,..., define the sequences t(j) and x(j) 
in X by 6:) = xg) = 0 f or n # j and [‘jj’ - 1 = x:j’ = llj. Also define [co) 
by 6;” = 0 for n > 2 and fro’ = 1. The set K = {t(j) /j = 0, 1, 2,...} is 
closed and one may verify that k(x(j)) = t(j) for j > 1 and this is unique. 
Also if x(O) is the zero sequence in X then k(x(O)) = f(O) and this is unique. 
However, x(j) -+ x(O) as j+ co but /I k(i) - t(O) 11 3 1 for j > 1. 
We turn now to some circumstances which ensure differentiability of pK 
at a point x0 . 
THEOREM 1. Let K be a nonempty subset of the Hilbert space X and suppose 
x0 E X - K. If K is compact and k(x,) is unique OY ;f K is closed and convex, 
then the Frkhet dzyerential of pK exists at x0 and is given by 
ddxo; Y> = R4xo - 4x0), Y)/PK(x~). 
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Proof. Let y = x - x0 . Then for any nearest point k(x,,) of K to x,, we 
have 
PK2@0 + Y) G II x0 + Y - &o)l12 
= II x0 - ~(~o)l12 + Re(xo - Wo),~) + IIY l12. 
Hence 
PK~(X~ + Y) - PK~(x~) - 2Wxo - 4x0), Y) G II Y l12. (4) 
On the other hand, for any nearest point k(x) of K to x we have 
PK~(x~) < II x0 - Wll” = PK~(X) - 2%x - %4, Y) + II Y l12. (5) 
Now 
Re(x - k(x), Y) = Re(xo - +o), Y) + W(xo) - 44, Y> + II Y II2 
and 
Re(W,) - 44, Y> 3 - II Y II II 4x0) - 44ll 
so it follows from (5) that 
pK2(xo + Y> - pK2(xo) - 2Wxo - 4x0)~ Y) 2 -2 II Y II II W - @o)II . (6) 
We combine (4) and (6) into 
I fKYxo + Y) - ~~~~~~~ - 2Re(xo - 4x0), r)l 
d II Y II mdlly II , 2 II 44 - 4~oIl>. 
If K is compact and K(x,) unique then 11 K(X) - k(xo)jl < a(~) + 0 as II y I] -+ 0 
by Lemma 1. ‘If K is closed and convex then II k(x) - k(xo)ll < II y II by 
Lemma 2. Thus in either case 
PK~(X~ + Y> - pK2(xo) - 2Wxo - 4x0), Y) = 4 Y II) 
as 11 y II -+ 0. Hence px2 is FrCchet differentiable at x0 with 
h2(xo; Y) = 2Re(xo - k(x,), Y). 
Since fK = (p&l/2 and &x~) > 0 the claimed result follows. 
Theorem 1 resulted from the analysis of a curious circumstance, not 
included in the theorem, under which pK has a directional derivative in a 
certain direction. Suppose the real-valued function U(S, t) is continuous and 
satisfies 
(a%/w) - (au/at) > 0 (7) 
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in a domain E of the (s, t) plane. Let D be a closed disc centered at (a, T) 
and lying in E. It is known that if u assumes its maximum M in E at a point 
(u1 T 1 Q- ) in the boundary of D but u < M in the interior of D, then a1 = a; 
that is, k((u, T)) = (0, or) for the set K = {(s, t) E E / u(s, t) = M}. This is a 
special instance of a result, applying to a more general inequality than (7), 
which appears as Lemma 1, page 164, of reference [3] by Protter and 
Weinberger. They use it later to analyze (for fixed T) the function 
d(s) = pK((s, T)). Under the circumstances considered [3, pp. 166-1671 
Protter and Weinberger show that d is nonincreasing and zero at one point 
from which they conclude it is in fact zero to the right of this point. The 
circumstances are these: the point (si , T) is an interior point of E where 
u(sI , T) = M but u(s, T) < M for sr < s < s,, . Using the above mentioned 
result, we conclude that if s is near s, and between sr and s,, then 
k((s, T)) = (s, t) for some t # G-. From our inequalities (4) and (5) we may 
now show directly that d(s) is differentiable near and to the right of si with 
derivative zero. This situation is contained in the following more general 
formulation. 
THEOREM 2. Let K be a closed nonempty subset of the Hilbert space X and 
suppose x0 E X - K. If for some h # 0, h E X, there is a 6 > 0 such that 
Re(x - k(x), h) = 0 for some nearest point k(x) when x = x,, + th and 
j t 1 < 6, then d(t) = pK(xo + th) is z erentiable at t = 0 and d’(O) = 0. d# 
Proof. Withy = th we have Re(x - k(x), y) = 0 when x = x0 + th and 
1 t 1 < 6. Thus in (4) and (5) the inner product terms are eliminated and the 
resulting inequalities can be combined into 
I PK’(X~ + th) - ~x~(xo)I G t2 II h 112- 
It now readily follows that the derivative of d2(t) = pK2(x0 + th) exists and 
equals zero at t = 0. The stated conclusion follows since pK(xO) > 0 inasmuch 
as x,, 6 K and K is closed. 
We note that uniqueness of R(x,,) is not required in Theorem 2. It is not 
difficult to show in general that Frechet differentiability of pK at x,, requires 
that R(x,) be unique. Indeed, suppose K, , K, E K, K, # K, , are each nearest 
points of K to x,, so that pK2(x,) = 11 x0 - ki 112, i = 1, 2. Let h = k, - k, . 
Then by (4) 
pK2(xo + th) - pK2(xo) < 2t Re(x, - 4 , h) + t2 II h II’. 
Taking i = 2 and t > 0, we conclude that 
D+d2(t) jtzo ,( 2Re(x, - k, , h) 
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where D+ denotes the upper derivative from the right. Similarly, taking 
i = 1 and t < 0, we conclude that 
D-d2(t) Itco 3 2Re(x, - k, , h) 
where D- denotes the lower derivative from the left. But 
Re(x, - AI , h) - Re(x, - k, , h) = 11 h [ I2 > 0 
so d2(t) = ,$(x0 + th) d oes not have a derivative at t = 0. Clearly then, 
pK2 and hence fK can not be FrCchet differentiable at x0. 
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